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The Rules of Probability

Sum Rule p(X) =) p(X,Y)
Y

Product Rule p(X,Y) = p(Y|X)p(X)




Probability Densities

P(x)

p(x)

b
p(z € (a,b)) = / p(z) da

P(z) = /_ ; p(z) du

>
ox X

p(z) = 0 /_OO p(z)dz = 1




The Gaussian Distribution
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The Multivariate Gaussian

1 1 1 S
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N(x|p,X) =
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Examples

The figures above show Gaussians with mean 0, and with covariance
matrices respectively
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Examples

The plots above used, respectively,
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Gaussian Parameter Estimation

p(x) Likelihood function

N(Zl?n |l’l’7 02)




1 N N
Inp (x|u,o”) = 53 Z(xn — n)? — 5 Ino? — 5 In(27)
n=1
1 X 1 <
MML = N an 01%4L - N Z(ﬂﬁn — ,LLML)2




Properties of umvrand oy, (¢
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Binary Variables (1)
» Coin flipping: heads=1, tails=0

plx =1|p) = p

 Bernoulli Distribution

pE(L — )t
14
(1 — p)

Bern(x|u)
E|x]

var|z|




Binary Variables (2)

* N coin flips:
p(m heads|N, u)

 Binomial Distribution




Binomial Distribution
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Parameter Estimation (1)

ML for Bernoulli
Given: D= {z1,...,zNn}, m heads (1), N — m tails (0)

N N
p(Dlp) = T plwali) = T 1w (1 — pyt==»

N N
Inp(Dlp) = > p(xalp) = > {znnp+ (1 —z,)In(l — p)}
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Parameter Estimation (2)

. Prediction: all future tosses will land heads up

» Overfitting to D




Beta Distribution

e Distribution over © < [0,1] ,

I'(a +b)

Beta(pla,b) = r(a)r(b)“a_l(l_“)b_l
Bl = aib
ab
varlu] =

(@ +b)2(atb+1)




Bayesian Bernoulli

p(plao, bo, D) o< p(D|u)p(plao, bo)
N
= (H ptr (1 — u)l”"“) Beta(y|ao, bo)

n=1

o lum—}—ao—l(l o ’u)(N—m)—I—bo—l

x Beta(ulan,bn)

any = ag+m bny =bo + (N —m)

The Beta distribution provides the conjugate prior for the
Bernoulli distribution.




Beta Distribution
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Prior - Likelihood = Posterior

prior likelihood function posterior
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Properties of the Posterior

As the size of the data set, N, increase

anN — m

by — N —m
an m
E = > )
[M] an + by N ML

aNbN . 0

varlu] = (an +bn)?(an +bn + 1)




Prediction under the Posterior

What is the probability that the next coin toss will land
heads up?

p(x = 1lag, bo, D)

1
/O p(z = 1)u)p(ulao, bo, D) du

1
= / pp(p|ao, bo, D) du
0

a
= [E|u|ao, bo, D] = ﬁ




Multinomial Variables

1-of-K coding scheme: x = (0,0,1,0,0,0)"

K
p(x|p) = ] [ mi*
k=1

K
‘v’k:,quO and Zuk:1

Elx|p] = ZP(X|M)X = (1, i) =

> p(x|p) = Zuk =1
X k=1




ML Parameter estimation

« Given: D = {Xl, e ,XN}

N K (5 )
p(Dlpw) = 1] 11 i = H T H iy
n=1 k=1

 Ensure >, ux =1 , use a Lagrange multiplier

K K
kalnuk+)\ (Zukl>
k=1 k=1

pe = —mi/A = o




The Multinomial Distribution

N K
Mult(mi, ma,...,mi|p, N) = ( )H“?k
mimo ... MK e1
E[lmyg] = Npug
varfmg] = Npg(l — pg)
covlmgm] = —Nppe
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Bayesian Multinomial (1)

K
p(|D, @) o p(D|p)p(pler) oc T pgrtme"
k=1

p(p|D, o) = Dir(p|a + m)
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Thanks!

Jie Tang, DCST
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