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Introduction

@ We now have a compact representation of a particular probability
distribution using graphical models.

o Bayesian Networks:
P(Xy,...,X,) = [[ p(Xilpax,)

e Markov Random Field

P(X1,.... Xn) = -~ [[ fa(Xa)
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o Conditional probabilities can be obtained by: P(y|z) = 2=
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o Posterior distributions:

@ Some of the nodes in a graph are clamped to observed values (X)
e Compute posterior distributions of one or more subsets of nodes (latent
variables Z), p(Z|z)

o Maximum a posterior probability: argmax,c P (z|y)
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Introduction

@ However, our ultimate goal is to answer various queries about the
underlying distribution.
@ What are the queries we are most interested in?
e Marginal probability : P(z) =3, p(z[y)p(y)

o Conditional probabilities can be obtained by: P(y|z) = 2=

p(x)

o Posterior distributions:

@ Some of the nodes in a graph are clamped to observed values (X)
e Compute posterior distributions of one or more subsets of nodes (latent
variables Z), p(Z|z)

o Maximum a posterior probability: argmax,c P (z|y)

@ How to make fast inference in graphical models is the key idea of this
lecture!
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Complexity of General Inference

e BAD NEWS:
e Computing P(X|E = e) in a graphical model is NP-hard.
P(X,e) P(X,e)

PEIE=) =50 = S p(x.0)
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Complexity of General Inference

e BAD NEWS:
o Computing P(X|E =€) in a graphical model is NP-hard.

. PX,e)  P(X,e)
PEIE=) =50 = S p(x.0)

@ However, this does not mean we cannot solve the inference task.
e It implies that we cannot find a general procedure that works efficiently
for arbitrary graphical models
e For particular families of graphical models, we can have provably
efficient procedures
e Even for arbitrary graphical models, we can find approximate methods
to tackle the inference task!
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© Exact Inference
@ Variable Elimination
® Message Passing Algorithms
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Naive Enumeration

CoO—Co—~COo—Co—-C>

We want to compute P(E = e).

P(E=e¢) :ZZZZP(a,b,C,d,e)
d c b a

@ A naive way is to enumerate over an exponential number of terms.

@ However this computation cost is prohibitive when the number of
variables gets large.
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Variable Elimination on Directed Chains

CO—Co—~Co—Co—-C>

By the factorization of Bayesian networks,

—e) :ZZZZP(a,b,c,d,e)
= ZZZZP P(bla)P(c|b)P(d|c)P(E = e|d)
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o~ o~ O~ o~

We can perform the innermost summation

=> YD P(cb)P(d|c)P(E = e|d) ZP P(bla)
d ¢ b

=3 Y " P(cp)P(d|e) P(E = e|d)mq(D)
d ¢ b

@ mg(b): a denotes the variable we are summing over (eliminating), b
denotes the remaining arguments of the new factor m

@ The summation “eliminates” one variable from our summation
argument at a “local cost”.
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Variable Elimination on Directed Chains

O~~~ o~
Rearranging and then summing again, we get
P(E=e¢)=Y_ >3 P(c[b)P(d|c)P(E = e|d)mq(b)

d ¢ b

=> Y P(dlc)P(E =e|d) Y P(c|byma(b)
d c b

=> Y P(dlc)P(E = e|d)my(c)
d c
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Variable Elimination on Directed Chains

CLO—CE D~ D—CED>—CED

0 >—

Eliminate nodes one by one all the way to the end, we get

ZP = e|d)m.(d)
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Complexity Analysis

@ We use n to denote the number of variables on the chain and & to
denote the number of values a random variable can take.

e Each step costs O(|val(X;)|) x O(Jval(X;11)|) operations: O(nk?)

@ Compare to naive evaluation that sums over joint values of n — 1
variables: O(n*)
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Variable Elimination on Undirected Chains

CO—Co—COoO— o

Similarly, we have

P(E =¢) = Zd:zc:zb:za:P(a,b,c,d,e)
-YEEY Z0(0,0)0(c,D)o(d, (e, )
- 7 L L E o bl cote.d) T oo
= ;Edj 5 0(d. ot d) 2 o(e: Dreal®)




Variable Elimination on Undirected Chains

@ Marginal probability for middle a node

Pe)= o [ S o0 oten)]]- [ ot a3 o]

-~

a(c) 5(c)

@ Interpretation as message passing

P(e) = ale) - (e)
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Sum Product Operation

pY [ ¢

z ¢peF

@ z: the variable to be eliminated
@ ¢: the factors associated with z
@ F: the set of factors associated with z

For example:

P(e) = ;; 3 old-Iotesd) 3 olc:bhmalt)
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Dealing With Evidence

@ How can we turn the conditional probability into a sum product
operation?

@ Introduce the evidence potential
0(E,é)=1 ifandonlyif E=E¢é.

@ Then P(E =¢|X) =), P(e|X)i(E,ée)

Now, we can build the variable elimination algorithm on the sum-product
subroutine.
Let's see an example.

Prof. Jie Tang Inference in Graphical Models 2015 17 / 76



Variable Elimination on a Complex Network

e XY=AB,C,D,E,F.G,H
o We went to compute P(A|H = h)
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Initialize

Initialize(G, Z):
@ Initialize F with the full set of factors, i.e. F =
{P(a), P(b), P(c|b), P(d|a), P(elc,d), P(fla), P(gle), P(hle, f)}
@ Choose an elimination order: Z=H,G,F,E,D,C, B
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Evidence(E):
@ add the evidence potential J(H, h) to F
i.e. F.append(d(H,h))
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Sum-Product-Variable-Elimination

Sum-Product-Variable-Elimination(F, Z):

F ={P(a), P(b), P(c|b), P(d|a), P(e|c,d), P(f|a),
P(gle), P(hle, f),6(H, h)}
eZ=H,G,F,E,D,C,B
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Sum-Product-Variable-Elimination

Eliminate H (Conditioning H):
e W
R 6
(E)—{F)
O

m(e, f) = 3, p(hle, )3 (h, )
F ={P(a), P(b), P(c|b), P(d|a), P(e|c,d), P(fla), P(gle), mn(e, f)}




Sum-Product-Variable-Elimination

Eliminate G:

F = {P(a), P(b), P(c|b), P(d|a), P(elc,d), P(fla), mn(e, f)}
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Sum-Product-Variable-Elimination

Eliminate F:

ecy

mf(e,a)zsz( la)mp(e, f)
F = {P(a), P(b), P(c|b), P(d|a), P(e|c, d)amf(€7a)}
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Sum-Product-Variable-Elimination

Eliminate E:

me(a,c,d) =, Plelc,d)my(e, a)
F ={P(a), P(b), P(c|b), P(d|a), me(a, c,d)}
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Sum-Product-Variable-Elimination

Eliminate D:

mq(a,c) =, P(dla)me(a,c,d)
F ={P(a), P(b), P(c|b), ma(a, c)}
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Sum-Product-Variable-Elimination

Eliminate C:

clb)ymgy(a, c)

me(a,c)}

me(a,c) =
F ={P(a),

1Y
=3

)
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Sum-Product-Variable-Elimination

Eliminate B:

Prof. Jie Tang Inference in Graphical Models



Sum-Product-Variable-Elimination

e Conditioning H: mp(e, f) = >, p(hle, f)d(h, h)
F = {P(a), P(b), P(c|b), P(d|a), P(e|c,d), P(f|a), P(gle), mn(e, f)}
o Eliminate G: my(e) = >, P(gle) =
F = {P(a), P(b), P(c|b), P(d|a), P(e|c,d), P(f|a), mn(e, f)}
o Eliminate F: m¢(e,a) = >_; P(fla)mu(e, f)
F = {P(a), P(b), P(c]b), (d!a) Plele,d),my(e,a)}
e Eliminate E: me(a,c,d) =), P(elc,d)my (e, a)
F ={P(a), P(b), P(c|b), P(d|a), mc(a,c,d)}
e Eliminate D: my(a,c) = >, P(dla)m.(a,c,d)
F = {P(a), P(b), P(c|b), ma(a, c)}
e Eliminate C: m¢(a,c) =) . P(c|b)mq(a,c)
F = {P(a), P(b). me(a, )}
e Eliminate B: my(a) = >, P(b)m.(a,b)
F ={P(a),my(a)}




Normalization

o Normalization P(alh = h) = %
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Variable Elimination Algorithm

Initialize(G, Z):

o Initialize the factor set F

o Choose an elimination ordering (excluding the query node)
Evidence(E):

e Append all the evidence potential to the factor set F
Sum-Product-Variable-Elimination(F, Z):

o lteratively sum-product a variable according to the elimination ordering

@ Normalization
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Complexity Analysis of Variable Elimination

For each variable x to be eliminated, the elimination procedure can be
broken down into two parts:

e Product: m/ (z,y1,...,yk) = Hf mi(x, ye,;)
o Sum: mg(y1,...,yk) = 2 mu(z,y1,. .., Yk)
Multiplication: &k x |val(X)| x [], [val(Yc;)|
Addition: |val(X)| x [, |val(Yc,)|

The major benefit of variable elimination is to reduce a globally exponential
task to one which is locally exponential but globally polynomial.
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Graph Elimination

@ For an undirected graphical model or a moralized Bayesian network
@ Given graph G(V, E), and an elimination ordering I

@ For each variable in the ordering

o Connect all neighbors of the variable
o Eliminate the variable

Prof. Jie Tang Inference in Graphical Models 2015 33 /76



Moralization

® @ ® @
@ O O
& O ﬁ‘ﬁ =
./
® @ S &

moralization

e Connecting nodes that have a common child (Marrying the parents)

@ Making all edges in the graph undirected.
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Graph Elimination

®® @@ oo @ 0
2 &

(O—(0) (O—D) O—D ()

O

=

OJ

graph elimination

e Given graph G(V, E), and an elimination ordering
I=H,G,FED,CB
@ For each variable in the ordpering

o Connect all neighbors of the variable
e Eliminate the variable
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Elimination Clique

®& D @ @
Q @ C—
5 - ‘(%‘e
@ &
» P ® D
2] - < &)
-8 =% -
@ &
m,(e, /) m,(e) m(e,a) m,(a,c,d)
® @ D D = @
m,(a,c) m_(a,b) m,(a)

Variable Elimination and Graph Elimination:

@ Intermediate terms in variable elimination correspond to the cliques
resulted from graph elimination.
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Limitations of Variable Elimination

We need to do one variable elimination procedure for each query. What if
we have many queries to answer?

And this leads to message passing algorithms.
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© Exact Inference
@ Variable Elimination
® Message Passing Algorithms
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Tree Graphical Models

‘A

Directed tree: all
nodes except the root
have exactly one
parent

Undirected tree: a
unique path between
any pair of nodes
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Equivalence between Elimination and Message Passing

We can view variable elimination as a message passing process from leaf
nodes to the root node on a tree.

Z(#’(Iy)d’(ﬂfiﬂj) 11 mk.f(f.z))

kEN(F)\i

p(xy) < ¥(@g) [een(s) mes(@y)
the key protocol is that a node can only pass a message along after it has

received messages from its other neighbors
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Belief Propagation on Factor Graphs

@ Factor Tree: A Factor graph is a Factor Tree if the undirected graph
obtained by ignoring the distinction between variable nodes and factor
nodes is an undirected tree

@ Message Passing:

e v from variables to factors
e 4 from factors to variables

@ Lh
)

AN
vis(ws) =[] maala) pailze) = Y (fs(I/\/'(e’)) II Vjs(«’fj))

teN(i)\s za(s)\i FEN(s)\i

W
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Why Factor Graph?

@ Factor graph turns tree-like graphs to factor trees, including
poly-trees.

& ®
)
\®/

g

@ trees are a data-structure that guarantees correctness of belief
propagation!
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The Sum-product Algorithm for Factor Graphs

Ja

@ Factorization

p(X) = falz1,22) fo(@1, x2) fe(x2, 23) fa(xs)

@ Sum-product algorithm

fo fe

assumption: all variables are discrete

can deal with directed/undirected using the same framework

o

o first convert a tree structure graph into a factor graph

[}

o Belief propagation is a special case of sum-product algorithm

Prof. Jie Tang
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Overview of Sum-product Algorithm

Assume that all variables are hidden

Marginal is defined as

z'eX\x

Substitute for p(x) the factor-graph expression
p(z) = HfS(XS)

@ Interchange the summation and products for efficiency
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Message over subtrees

Fy(z, X,)

@ Tree structure allows partitioning factors into groups

p(z) = H Fy(z, Xy)

sene(x)

= 11 [ Awx)]

sene(z) Xs

= /’Lfs%m(x)
sene(x)

where 17, . (x) is viewed as message sent from factor function f, to

variable node z; p(z) is product of all incoming messages at node x.
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Messages sent from variable to factor nodes

M

\H:Mﬂf!(w.‘w)

Em

Gy Xem)

@ Each Fs(z, Xs) is described by a factor subgraph
Fs(zy Xs) = fs(x7x17 ce 7xM)GM(CCM, Xsm)
@ Re-substituting

:u’fs—m(x):Z"'Zfs(x’xlv"' 7$M) H [ZGm(xmaXsm)

mene(fs)\z  Xsm

Py — fs (Tm)
@ three steps:
o take product of incoming messages into factor node
e multiply by factor associated with the node
e marginalize over all variables associated with incoming messages
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Messages sent from variable to factor nodes

Ir

fi
i, Xrt)

@ Making use of sub-graph factorization
GM(xM7Xsm) = H -Fl(wmaXml))
lene(xm )\ fs
@ Substituting into expression for pi, . s, ()
lene(wm)\fs

e Taking product of incoming messages along other links
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Sum-product Algorithm Messages

Variable Node Factor Node
,umﬁ\f(l') =1 ﬂf%r(ﬂ:) - f($)
E—

O—=a, =0

@ Messages are initialized by

o if leaf node x is a variable node, then it sends pi;—,¢(z) =1
o if leaf node f is a factor node, then it sends ¢, (z) = f(x)

@ Then messages passing are applied recursively

o Finally, marginal is calculated using

pe)= ] [ZF fUX} H [hf—a (T

sene(x) sene(x)
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Finding Marginals for All Nodes

Only need to run the algorithm for one time

o

e Pick up any variable (e.g., x3) as root

@ Perform message passing from leafs to root
o

In the above example, the four-node factor graph has a joint
distribution

p(z) = fa(w1,22) fo (22, 23) fe (22, 4)
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Sum-product Algorithm Messages

£ T2 r3
—_— — —_— —»

!
f

Ty

Messages from leaf nodes Messages from root node
Hymp () =1 Haymep(53) =1
My (%2) = D o(5%) )= S )
ﬂr,,ﬁ,g(x4)=1 My (X2) = [ (6 )1, (5,)
My, (x,)= E S dxx,) /‘f,,»x,(“\l) = E fa(xvxz)/‘xzﬂf,(xz)
/u,czﬁfb(xz) = /ufaaxz(xz)/ufcexz(xz) ,uxzﬁfc(xz) = luf"arz(xz)lu/;%xz(xl)
Uy (X3) = Efb(xz,xs)ﬂ.\p/,, My (%) = Efc(xz,xz.),ufﬁfc(xz)

Xy T
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Complexity Analysis and Two-pass Algorithm

@ We are interested in the complexity of computing all the node
marginals.

o Naively this complexity of message passing is O(NC') (where
N=nodes, C=complexity of one complete passing/clique bottleneck).

@ Alternative dynamic programming approach: O(2C)
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© Approximate Inference
@ Loopy Belief Propagation
@ Variational Inference
@ Sampling Based Method
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Loopy Belief Propagation

The general idea behined Loopy Belief Propagation (LBP) is to run Belief
Propagation on a graph containing loops, despite the fact that the
presence of loops does not guarantee convergence.

@ Empirically, a good approximation is still achievable
Stop after fixed number of iterations
Stop when no significant change in beliefs

o If solution is not oscillatory but converges, it usually is a good
approximation

More hints: Flood schedule simultaneously passes a message across
every link in both direction
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© Approximate Inference
@ Loopy Belief Propagation
@ Variational Inference
@ Sampling Based Method
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Bethe Approximation

@ Let's call the actual distribution P:

1
= Z H fa(Xa

fa€EF

@ We want to find a distribution () that approximates P, to measure
the distance, we use the KL divergence

LQIP) = X ow) o8 o)
=ZQ ) log Q(X) ZQ ) log P(X)
X

= —Hg(X) — Eglog P(X )
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Bethe Approximation

@ Replace P(X) with the definition mentioned above,

KL(QIIP) = ~Ho(X) ~ Bglos(y, [ fu(X

faeF
1
= —Hg(X) —log — — > Eqlog fu(Xa)
faEF
= —Ho(X)— Y Eqlog fuo(Xa) +log Z

fa€EF

@ We can define a separate quantity “Gibbs Free Energy” for the first
two terms in the last equation

F(P,Q)=—Hqy(X)— ) Eqlog fa(Xa)

fa€F
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Tree Energy Function

@ The probability distribution of a Factor Tree can be factorized as
.T) = H ba(:ta) H bi(.fi)l_di

where the first product term is over the doubleton factors, the second
product term is over the singleton factors and d; is the number of
direct neighbors of a singleton node X;.
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Tree Energy Function

@ Entropy:
Htree = - Z Z ba(xa) log ba(:va) + Z(dl - 1) Z bl(xl) log bl(xl)
@ Gibbs Free Energy

Free = 3 37 balan) o F4 7 4 3 = 1) Y b))
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Bethe Approximation

We want to use a simple form to approximate the Gibbs free energy for
any general factor graph.

@ Bethe Approximation

HBethe = - Z Z ba(xa) log ba(xa) + Z(dz - 1) Z bz(xl) log bz(xl)

Fpethe = Z Z ba(z4) log ;ZEZ; + Z(l —d;) Z bi(z;)log bi(w;)

@ The Bethe free energy Fpeine is equal to the Gibbs free energy
F(P,Q) for tree-structured graphs, but for general graphs it is not
the case.
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Constrained Optimization

min FBethe

subject to sz(l“z) =1, forall ¢

T

Z ba(X,),for all a and i
Xa\zi

Thus, the Lagragian dual form is

L= FBethe"i_Z’Yz{l_Zb xz
+Z > ZAM:CZ {bi(i) — D bal

a 3€N(a) i Xo\w;
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Constrained Optimization

Setting the derivative with respect to the parameters to zero:

oL

=0 = bi(z;)

az
aEN ()

OL
Ta (X)) 0 = bo(Xa) o exp(—log fo(Xa) + ie%(:a) Aai(2))

If we set A\yi(z;) = logm;_, = log HbEN(i) o Mb—i(x;), we obtain

bi(x;) o< fi(w;) H Ma—si(T;)

a€EN(1)

( )O(fa + H H mc_n xZ

i€N(a) ceN(i) a
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Mean Field Approximation

@ Given the actual distribution p(X|6)

e We want to use a fully factorized distribution ¢(X0) to approximate
the original one, that is

q(z1, ..., Tm) = qu(xl)

@ And this is called the mean field approximation.

@ Similar to loopy belief propagation, we want to find a fixed-point
characterization for the Gibbs free energy. F'(P;Q).
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Optimization

min FP,Q = —HQ(X) + Z EQ(Inga(xa))
fa€EF

subject to  q(z1,...,Tm) = qu(a:z)
i
and qu(mz) =1, for all i
i

The two terms in the right hand side can be simplified as
Hq(X) =) Hq(X))

Eqlog fo(za) = Z( H qi(z:))10g fa(7a)

Ta XiGXa
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© Approximate Inference
@ Loopy Belief Propagation
@ Variational Inference
@ Sampling Based Method
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Sampling Based Method

For any distribution P and function f,

1 M
Eplf]~ 57 D f(am)
m=1

Hint: we only need to randomly sample from the underlying distribution
given by the graphical model.
However, sampling is not easy at all.
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Forward Sampling in Bayesian Networks

P(B)=0.001 P(E)=0.002
® ®
P(A |B.E)= 005 N =4
P(A | B. -E) = 0.04 A
P(A|~B.E)=0.290 N

P(A |~B. ~E) = 0.001 {/?‘. ‘/I\?\
N N

P(J|A)=00 P(M|A)=07
P(J | ~A)=0.05 P(M | ~A) = 0.01
To generate a sample X = (B, E, A, J,M):

e Sample B ~ Ber(0.001): r ~ U(0,1). If (r <0.001) then B =1 else
B=0.

Sample E ~ Ber(0.002)

If B=1and E =1, sample A ~ Ber(0.95), and so on
If A=1 sample J ~ Ber(0.9) else J ~ Ber(0.05)

If A=1 sample M ~ Ber(0.7) else M ~ Ber(0.01)
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Querying without Evidence

e Goal: Estimate P(X = x)

o Generate samples from the Bayesian network
o Compute fraction where X =z
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Querying with Evidence

e Goal: Estimate P(X =z|E =¢)
@ Rejection Sampling
o Generate samples from the Bayesian network

e Throw away all those where F # e
e Compute fraction where X = x

@ Expected fraction of samples kept ~ P(E = ¢)
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Summary for Direct Sampling

@ Generating samples from a Bayesian network is “easy”

o With evidence, number of required samples grows exponentially with
number of observed variables

@ Forward sampling generally infeasible for Markov random fields.

@ We need another way to tackle the sampling problem.
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Markov Chain Monte Carlo

@ Basic Concepts

@ Gibbs Sampling
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Markov Chains

e A Markov Chain is a sequence of random variables z(1), 2(2) ... 2™
with the Markov Property

P(z™ = gz® 2@ 207Dy = p(z™) = g]p(1)

@ The next state depends only on the preceding state. Recall HMMs!

o P(z(™ = z|z(®=1) is known as the transition kernel. shorthand:
T(a'|x)

@ We study homogeneous Markov Chains, in which the transition kernel
is fixed with time

o We define 2 to be the ¢-th sample of all variables in a graphical
model.
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Stationary Distribution

o Probability distributions over states: 7(!)(z) is a distribution over the
state of the system z, at time ¢

(1) Z 70 (z '|z)

e Stationary distributions: 7(*) (x) is stationary if it does not change
under the transition probability:

n(z') = Zﬂ(a:)T(x’|:C) for all =

x

@ Thus, we have
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Important Concepts

@ Irreducible: an MC is irreducible if you can get from any state x to
any other state 2/ with probability > 0 in a finite number of steps

e there are no unreachable parts of the state space
@ Aperiodic: an MC is aperiodic if you can return to any state x at any
time
o Periodic MCs have states that need 2 time steps to return to (cycles)
e Ergodic (or regular): an MC is ergodic if it is irreducible and aperiodic
@ Ergodicity is important: it implies you can reach the stationary
distribution 7y (z), no matter the initial distribution 7(9)(z)

e All good MCMC algorithms must satisfy ergodicity, so that you cannot
initialize in a way that will never converge
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Important Concepts

o Reversible (detailed balance): an MC is reversible if there exists a
distribution 7(x) such that the detailed balance condition is satisfied:

(2T (z]|2") = 7(x)T(2'|x)

@ Then, we have 7(x) is a stationary distribution of the MC! (Prove it
by yourself!)

@ Thm: If a Markov chain is regular and satisfies detailed balance with
respect to p(x), then p(z) is its unique stationary distribution

@ The point now is how to build a transition matrix w.r.t p(x) that
satisfies the properties above.
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Gibbs Sampling

@ Suppose the graphical model contains variables z1,...,x,

@ Initialize starting values for a:go), . ,;cﬁ?)
e Fort=0,1,...,T

e Sample xgtﬂ) ~ P(x; |x(t) g),...,xsf))

e Sample xgtﬂ) ~ P(x |$§t+1)7 ;(g),-~-al‘$zt))
]
° Sample x(t—H) ~ P(x |95(1t+1)733§t+1)»~--a 1(1“_11))
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Conclusion

@ Exact Inference

o Variable Elimination

o Message Passing Algorithms
@ Approximate Inference

o Loopy Belief Propagation
e Variational Inference
e Markov Chain Monte Carlo
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