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How to train SVM
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Solving the quadratic programming optimization problem directly to train the SVM
is very slow when the training data grows large.

Sequential minimal optimization (SMO) algorithm, due to John Platt.

First, let us introduce coordinate ascent algorithm:
Loop until convergence:

{
Fori=1, ..., m
{
ap=argmaxjL(a,..., a.4, @ @jsq,---, @p,)
) /

}




Coordinate ascent is ok?

N
1 _ (7)
a4y =-Say
i=2

N
() (@)
o =y Yay
i=2

Is it sufficient?




Sequential Minimal Optimization (

SMO Algorithm

Repeat until convergence

{

heuristically choosing two multipliers (¢, ’s)
optimize the dual problem regarding the selected multipliers (with all the

other /s fixed)

}

Heuristics for multiplier selection

SMO

Solving the two-multiplier small QP




Solving for Two Lagrange Multipliers -

« Recall the linear equality constraint derived from KKT condition

N

* L)
ZOC iy =0
i=I

* 2is the minimum number of multipliers chosen for
optimization

 If we optimize the dual objective with only one multiplier, we
can no long satisfy the above constraint.

« Without loss of generality, assume that we are optimizing over
alpha_1 and alpha_2, with all other alpha’s fixed.




lllustration for the Constraint

Constriant 1 Constriant 2
N .
Yo' y'=0 O0<a <C
i=1
' all other alpha’s fixed -
o,=C o,=C




Bounds for alpha 2

a,=C 2 =

o,=0 o,=0

nWER = -0, =k n=yp=>a+a,=k

Assume we computer the new alpha_2 first. Given the above constraint, we can
bound alpha_2 by the following: (L means lower bound and H means upper bound)

v, #y, = L=max(0,o, —¢,),H =min(C,C+a, —,)
yl=y2=>L=max(0,0, +c,—C),H =min(C,o, + )




Objective for alpha_ 2

« The objective function

N N
L) = 2 o, - % 2 @ y(j)OC,.OCj < XD, x(j>>
i=1 i,j=1
« Eliminate alpha_1 based on the constraint, and treat all other
alpha’s as constants

1
L(a,)= 5710522 + (0, (B = E;)=no o, + Const

st.L<a,<H
 where

AT T T
n=2XX, - X X; = X,X,

E’" is the old training error on sample i




Derivatives for alpha 2

1 () (6] (0]
L(a,) = 5170522 +(y,(EM — ESY—nad®)or, + Const
st.L<o,<H

First and second order derivatives w.r.t. alpha_2:

dL (0) (0) (0)
E — 77052 + (yz (E1 - Ezld)_ 770521d)

2
d’L
dos;

n

We have eta <= 0. Proof: 1=—(x,—X,)" (x,—x,)=—Ix, —x, [F<0




Optimal value for alpha 2

old )

L (6] (0]
=na, +(y,(E - Ezld)_ na,

2
d’L
do? L
« |If eta <0, we can simply set the first derivative to 0 and obtain:

EOld . EOld
:agld_l_yz( 2 L)

ncw

&,

n

« And then we clip alpha_2 such that it falls into the constraint area

oy = max (L, min(H ,a,*"))
» |f eta = 0, we should also check the end points for alpha_2 and decide the
optimal one.

 Then we compute the new alpha_1 as

new old old new, clipped)

o =0, +yy,(a, o,




The whole algorithm

 Given alpha_1 and alpha_ 2
1. Compute 7=2x/X, —X, X, —X,X,

2. Ifeta<O
y2 (Ezold . Elold)

new old

_ n
o< = max(L,min(H 02 ))

new __ ., old old new, clipped
o =a; +yy,a, -, )

3. If eta =0, check the end points and select the optimal one for
alpha_1 and alpha_2

4. Update related variables E, b and w




How to select alpha 1 and alpha__

 The SMO algorithm is guaranteed to converge.

Properly choosing multipliers can speed up convergence.

Recall the KKT condition
o, =0 yu, 21

O<o, <CSyu =1

o, =Csyu <1
« The heuristic for choosing the multipliers is based on the
violation of the KKT condition




Find the first alpha
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repeat until convergence {
STEP 1
for each alpha_i{ Il iterate over all alpha’s
if alpha_i violates the KKT condition {
pick alpha_i as the first alpha;
optimize;
}

}
STEP 2

while there exist unbounded alpha_i's (0 < alpha_i < C) {
for each unbounded alpha_i {
if alpha_i violates the KKT condition {
pick alpha_i as the first alpha;
optimize;
}

}
}

}

Il alternate between STEP 1 and 2 until convergence

Il iterate over all unbounded alpha’s

i % 4%

Tsinghua University




Find the second alpha

Given the first alpha
Look for the second alpha that maximizes [E 2 — E_1]

If this does not make progress (special cases), it starts a
sequential scan through all unbounded alpha’s, starting at a
random point

 If no progress still, it starts a sequential scan through all
unbounded alpha’s, starting at a random point




Thanks!

HP: http://keg.cs.tsinghua.edu.cn/jietang/

Email: jietang@tsinghua.edu.cn




