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Recap. of Topic Models
# A Bayesian Admixture Model

o Mixture of mixtures
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# Inference with variational approximation and Gibbs sampling




Latent Dirichlet Allocation
-- a generative story for documents

# A Bayesian mixture model with topical bases

4 Each document is a random mixture over topics; Each word is

generated by ONE topic

image, jpg, gif, file, color, 0.8 Document #1: gif jpg image current file
I'Ie’ images, files, format color images ground power file current format
LIIIIIIIIII-II.-“II 0.9 file formats circuit gif images

s\Topic #2 A Document #2: wire currents file format

: round power image format wire circuit
ground, wire, power, g p g
wiring, current, circuit, 0.7 current wiring ground circuit images files. ..
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Bayesian Inference for LDA

miXing tOplC VVOI'dS topics
prOportion assignment

ot b @B

K
D

p(©,0,Z,Wla, 8) = [T p(@c18) [ p(0ala) ( TT p(2anl0a)p(wan|zan, ®))

n=1

# Given a set of documents, infer the posterior distribution

p(©,®,Z, Wia, 3)

OR
f@,¢ p(@v (I)a Z7 W|Oé, 6)




Dealing with the Intractability of Inference
# Variational Inference (Blei et al., 2003; Teh et al., 2006)

p(©,®,Z|W, a, §) KL(ql|p)

q(©,7Z, P)

= H q(0a) H q(zan)) H q(Pr)
d n Lk

*

¢"= _min KL(qllp)

qg<some family

# Monte Carlo Markov Chains (Griffiths & Steyvers, 2004)

a Collapsed Gibbs samplers iteratively draw samples from the
local conditionals

p(zy, =11Z-)




Problem with K

# K represents the model complexity

# [t matters a lot in practice

34001
- Smoothed Unigram
Lx ¥ Smoothed Mixt. Unigrams
3200 v = LDA
\ =%+ Fold in pLSI

3000 X,

2800} "X,
S, 2600F %% ..\.\-x-- X
- et
i~ X~
x ~a
@D 2400 Se.al .
O -
—_
& 2200 R TN

2000f -

=X

18001

1600 2% X

1400 | | | 1 | | | 1 |

0 10 20 30 40 50 60 70 80 a0 100

Number of Topics

[Blei et al., JMLR 2003]




Problem with K

# K represents the model complexity

# [t matters a lot in practice
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# 'Today, we will discuss nonparametric Bayesian methods

& “Nonpararnetric Bayesian methods”?

# What does that mean?




Nonparametric

& Nonparametric:

0 Does NOT mean there are no parameters
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Parametric Approach
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Example: Classification
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Complexity of 1-NN
# 2 samples




Complexity of 1-NN
# 10 samples




Complexity of 1-NN
# 100 samples




How about linear SVM?

# 10 samples




How about linear SVM?

# A lot of samples (inseparable)




Example: Clustering
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Complexity of Hierarchical Clustering
# 4 samples

Dendrogram
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Complexity of Hierarchical Clustering
# 20 samples

Dendrogram
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Example: Regression
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Other Examples: Density Estimation

& Histogram

1p

o Issue with binwidth P
a Issue with origins of bins i
o Issue with discreteness — m

N ] -

& Smoothing techniques to improve

= Averaged shifted histogram —L

o Kernel density estimation

N _ _ _
flz) =) Kn(z - z) " /\
1=1 | | |

[Chap 3. Nonparametric and Semi-parametric Models, W. Hardel et al., 2004]/




Various Paradigms

& Parametric Models
0 the parameters are belonging to a fixed finite dimensional space,
e.g., a subset of R
# Nonparametric Models

0 the parameters belong to some space, not necessarily finite

dimensional

a Principe of “let the data speak for themselves”

# Semi-parametric Models

o the parameters have both finite dimensional component and

infinite dimensional component

o E.g., (sparse) additive models for regression




Pros & Cons

# Parametric Models

o If underlying assumptions are correct, the models are simple and easy
to interpret

o If not, estimates may be inconsistent and give misleading results

4 Nonparametric Models:
o Avoid restrictive assumptions

o Usually hard to interpret and yield inaccurate estimates

Unfortunately, we won’t talk
4 Semi-parametric Models: about this topicl

o Keep the casy interpretabﬂity the former and retain some of the
ﬂexibﬂity of the latter.




Bayesian?

# So now we know what nonparametric means, but what does

Bayesian mean’?




Bayesian Statistics

# The Bayesian approach treats statistical problems by maintaining

probability distributions over possible parameter values 6

4 That is, we treat the parameters themselves as random variables

o We have some prior beliefs about our parameter values before seeing

any data. These beliefs are encodes as prior distribution 7(8)

o Treating the parameters 6 as RVs, we can write the likelihood of the
data D as a conditional probability: p(D|0)

o We would like to update our beliefs about 6 based on the data by
obtaining p(8|D) , the posterior distribution using Bayes’ theorem,

p(D|0)(6)
p(D)

p(0|D) = where p(D) = /p(xl&)w(@)d@




Why Be Bayesian?
# One answer

# Infinite Exchangeability:

Vn, Vo, p(z1,...,2n) = p(To1),-- > Ta(n))

# De Finetti’s Theorem (1955):if (z1,22,...) are infinitely
exchangeable, then Vn

n

plar.z) = [ ([[p@l0)dre

1=1

for some random variable 6




Discussions
& Exchangibility vs. [ID, which one is true?

o iid random variables are always infinitely exchangeable?

o infinitely exchangeable sequence is not necessarily iid?

# Example

a Let (x1,2x2,...) beiid, and zy be a non-trivial random variable

independent of the rest.

a Is (xo + 21,20 + 22,...) iid or infinitely exchangeable?

# Conditional independence

T T T




A Simple Example

# Task:

0 Toss a (possibly biased) coin for N times. Compute the
probability 6 of heads

# Suppose we observe {N, H, N, H}. What do we think ¢ is?

o The maximum likelihood estimate is § = % . Seem reasonable.

# Now, suppose we observe {H, H, H, H} . What do we think ¢
is?

o The maximum likelihood estimate is § = 1. Seem reasonable?

Not Really! Why?




A Simple Example
# When we observe {H, H, H, H}, why does ¢ =1 seem

unreasonable?

# Prior knowledge!

: ) 1
o We believe coins generally have 0 ~ 5

2 How to encode this?

Bayesian Inference with a Beta Prior on §




Bayesian Inference

# Place a Beta prior over ¢ . A Beta distribution has the form

F(Oél -I— 042)

F(&1)F(a2)0al— (=67

p(Olar, az) =

# What does the distribution look like?
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Bayesian Inference

# After observing a set of samples D, with n heads and m tails,

the posterior is
p(0|D) o< p(D|0)p(0)
x eozl—l—n—l(l . 9)a2+m—1
= Beta(ay + n,as +m)

# If a1 = a2 =1 (non-informative prior), and we observe 5
heads anc!_Z tails, p(6|D) = Beta(6,3)

E[0] = a1+ n _2
_a2+a2+n+m_§




Influence of Priors

# Given the same observations, if a1 = az =10
p(0|D) = Beta(15,12)

15
Elg] = — 1" 2 405556
Qo + Qg +1N +MmM 27

@If()q:OQ:lOO

Elgj = " 1% 507
oy +oas+n+m 207

# Subjective vs. Objective Bayesian

o the former embraces priors

o ... while the latter uses priors with suspicion




Nonparametric Bayesian Methods

# Now we know what nonparametric and Bayesian mean. What

should we expect from nonparametric Bayesian methods?

= Complexity of our model should be allowed to grow as we get

more data

o Place a prior on an unbounded number of parameters




Nonparametric Bayesian Methods
overview

# Dirichlet Process/ Chinese Restaurant Process

o Latent class models — often used in the clustering context

# (Gaussian Process

o Regression and Classification

# Beta Process/Indian Buffet Process

o Latent feature models

# We will discuss each of them in next lectures.




Dirichlet Process

# A nonparametric approach to clustering.

# It can be used in any probabilistic model for clustering.




Outline

# A parametric Bayesian approach to clustering
a Defining the model
a Markov Chain Monte Carlo (MCMC) inference
# A nonparametric approach to clustering
0 Defining the model - The Dirichlet Process!
o MCMC inference

# Extensions




A Bayesian Approach to Clustering

# We must specify two things:

a the likelihood model (how data is affected by the parameters)
p(DI0)

a The prior distribution (the prior belief on the parameters)

p(0)




Motivating example: Clustering

# How many clusters?




Clustering — A Parametric Approach

# Guassian Mixture Models with K components

a2 a distribution over classes/clusters: @ = (71, ..., 7Tk

2 each cluster has a mean and covariance ¢x = (Uk, 2k )

p(x) = Y meN (x|, Sk)

057

057

o Using EM to maximize the likelihood of the data to estimate (7, ¢)

[Figure credit: Bishop, 2006]/




Clustering — A Parametric Approach

# Guassian Mixture Models with K components

# An alternative definition

K
G = Z 7Tk5q5k
k=1

where is 04, an atom at ¢y,

# Then,

x; ~ p(x|0;)

0, ~ G
(8
©




Clustering — A Parametric Approach
# Bayesian Approach: Bayesian Gaussian Mixture Models with

K mixtures

o a distribution over classes/ clusters @ = (w1, ..., 7x)
7 ~ Dirichlet(a/K, ..., a/K)

a each cluster has a mean and covariance ¢ = (g, Xk )

(ptg, 2k ) ~ Normal-Inverse-Wishart(v)

# We still have

17 1

p(x) =S mN (K, Sx) )

k=1

ol ' 0




Clustering — A Parametric Approach
# Bayesian Approach: Bayesian Gaussian Mixture Models with

K mixtures

# The Alternative Definition

o0 (G 1snow a random measure

or ~ Go

(Go)

7 ~ Dirichlet(a/K, ..., a/K) o @ ] ‘
(%)
(%)

K
G = Z 7Tk:5<z5k
k=1

0, ~ G

x; ~ p(x|0;)




The Dirichlet Distribution

# We have 7 ~ Dirichlet(a/K, ..., a/K)
# A Dirichlet distribution has the form

O (S o)

—1 _as—1 o —1
p(rla) = 7% Ty Y TR
[I— (o)
- K—1
where T =1— ) ;::1 T
# The expectation is
o
E[?TL] — )Z¢ :
zk—_—1 Qg

# Beta distribution is a Specia] case with K = 2.




The Beta Distribution

# When K=2, the special case is a Beta distribution

F(Qﬁl ‘|_042) 051—1 Oég—l
A 7T

p(mlay, o) =

351

25F
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The Dirichlet Distribution

# In three dimensions

F(O[l + O{Q _l_ a3) 7TCX1—17TC)LQ—17TC)43—1
(1) () (erg) ? ;

p(mlay, o) =

= (2. 2. 2) @ =: (5,

ot
]|
(] |
N

a = (2,2,25)




Key Property of Dirichlet Distribution

& Aggregation Property
o If
(7T1,...,7T7;,7TZ'_|_1,...,7TK) NDiI‘iChlet(Oél,...,Oéz',OéH_l,...,OéK)
o Then
(7T1,...,7T7;—|—7T7;+1,...,7TK) NDiI‘iChlet(Oél,...,Oéi—|—O¢7;+1,...704K)

o This is valid for any aggregation

K K
(7T1 -+ 72, Zﬂ}) ~ Beta(ozl + 052,2011')




Multinomial-Dirichlet Conjugacy

@& Let
X ~ Multinomial(7), and 7 ~ Dirichlet(«)
# The posterior
p(m|X) o< p(X|m)p(m)
1 T K a1 —1 o —1
O<(771 T )(771 T )

= Dirichlet(w"fﬁo‘l_l L W}:{KJroeK—l

which is Dirichlet(a + x)

)




Clustering — A Parametric Approach
# Bayesian Approach: Bayesian Gaussian Mixture Models with

K mixtures

# The Alternative Definition

o0 (G 1snow a random measure

b OAN
7 ~ Dirichlet(a/K, ..., a/K) o @ i o
K
G:Zﬂ'k5¢k @
k=1
0, ~ G &) w| =

x; ~ p(x|0;)




Bayesian Mixture Models

# We no longer want just the maximum likelihood parameters,

we want the full posterior:

p(m, ¢|D) o< p(Dlm, ¢)p(m, P)

o Unfortunately, this is not analytically tractable

# Two main approaches to approximate inference
a Markov Chain Monte Carlo (MCMC) methods

o Variational approximations




Monte Carlo Methods

4 Suppose we wish to reason about p(#|D), but we cannot compute
this distribution exactly. If instead, we can sample (9| D), what can
we do?

I T I I | L L1 A 11 (AN

VR

Samples from p(0]|X)

# Monte Carlo methods: use random samples to construct empirical
estimates




Markov Chain Monte Carlo (MCMC)

# But, how about when we do not have access to an oracle that
will give use samples 6 ~ p(6|D) ? How do we get these

sarnples?

& Markov Chain Monte Carlo (MCMC) methods have been
developed to solve this problem.

# We focus on Gibbs sampling, a special case of the Metropolis-
Hastings algorithm.




Gibbs Sampling —an MCMC technique

# Assume ¢ consists of several parameters ¢ = (01,....,0:,)

# In the finite mixture model, we have

9:(W7M17"'7NK3213'°'72K)

# Then, Gibbs sampling
o Initialize 0° = (67,...,0))) at time step O
a Fort=1,2,--- , draw ¢ given 6(t=1) in such a way that

eventually ¢' are samples from p(0|D)




Gibbs Sampling —an MCMC technique

# In Gibbs sampling, we only need to be able to sample

0! ~ p(0:10%, ..., 00,00

., 0U=D D)

# It we repeat this for any model we discuss today, theory tells

us that eventually we get samples 6* from p(6|D)

4 Example:
0 = (01,0>)
p(0) = N (1, %)

-2 L 1
-3 -2 -1 a 1 2 3

First 50 samples

First 500 samples

/




Bayesian Mixture Models - MCMC
Inference

@ Introduce “membership” indicators z: ,where z; ~ Multinomial (7
P )

indicates which cluster data point i belongs to

# The model is equivalently represented as

8! —w(:?r) (_}‘U
| |

, -

p(r. 2.6/D)  p(DIZ. )p(Zimp(. ) | () (o)

@/

N




Gibbs Sampling for the Bayesian Mixture
Models

& Randomly initialize Z, T, ¢ . Repeat until we have enough

samples

= Sample z; from

K
p(zilZ i, 7,6, D) o< > mip(xildr)d=,
k=1
0 Sample 7 from

p(mw|Z, ¢, D) = Dirichlet(n; + a/K, ..., ng + a/K)

where n; is the number of points assigned to cluster i.

o Sample each ¢x from the NIW posterior based on (Z, D)




Derivations

# For z; , it’s easy to derive K

(2l Z i, 7,6, D) o Y mip(Xil¢ )6z,
k=1
# For 7, it’s also easy due to conjugacy

p(mw|Z, ¢, D) = Dirichlet(n; + a/K,... ,ng + a/K)

& For ¢, it’s also casy due to conjugacy
o The Normal-Inverse-Wishart (NIW) distribution

Skle, W~ IW(S;k, W1,
k| Xy pro, p ~ N (s o, B/ p)

W |r/2 1
| ‘ k+ M F1 eXp(—iTl“(Wz_l))

IW(E; Kk, W) = —
2TMFM(%)|Z| 2




Conjugacy of NIW and Gaussians

# Details
plpk, 2|2, D) - pO(NkaZk)HP(Xz'|Z7;,¢)5Z““

— NIW(MOapa K, W)Hp(xz|zza¢)6sz

= NIW(us, pr, kix, W),

,uk _ P 1o + T 2
’ p -+ N ’ P+ Nk - Nk = Z5zk
P = pt+ng 175
K = K-+ ng Xk = n_k Zdzi,kxi
PNE _ _ T St
W, = W X — X —
k +Qk+p+nk(k po) (X — po)

Qr =Y 0., k(xi —%p)(x; — %) '

1




1
Pk, Xk|Z, 7, D) o |X| 2 exp(—

1 _
[k | "k eXP(—§ Z(SZi,k(Xi — )5y (% — k)
1 Te-1 1 _1
—5 P = po) " Ey " (e — ko) — 5 D 6 (%0 — ) Syt (% — k)
1 _ 1
= —ip(ﬂk — o) S, (ke — po) — 5"k
1 ey T y—1 1 opne
= ——(p+nr)(kk — 1) X (Be — o) — 5 (X — o)
2 2 p+ ng

>

-3
o

More details ...
1

ap(ﬂk — po) ' T

_1
p(pr, Xk|Z, 7, D) o |Xg| 2 exp(—

(k+np)+M+1

ng = E Oz, k

)

Qr = 0 1(xi — Rp)(xi — Rg)

—1

(e — %e) " 20 (e — %) — %T‘Y(kalzl)

1

XX~

Sklkks Wi ~ IW(E; ke, W ),

2

k
M )
U o+

Pk = p + N,

Wi =W+ Qr +

_ 1 _
(ke — 10))|2k] 2 e><p(—§T1"(VVE,.c D)

1. 1 _
TS N (®e — o) — §Tr(Qka h

5 (P ) (s — 1) " 5y

1 _
eXp(_ETr(Wka 1)

L
0 Xk
g P+ Nk
K = K+ ng
png _ _
(% — po)(Xi — po) '
P+ ng /

™~

B 1
Xp = — E 0z, kXi
% P

k+M41

e — )




20 iterations




Collapsed Gibbs Sampler

# Idea for an improvement: we can marginalize out some
variables due to conjugacy, so do not need to sample it. This

is called a collapsed sampler. Here marginalize out 7

& Randomly initialize Z, ¢ . Repeat:

o Sample each z; from
K
p(zi|Z i, 9, D) oc Y (0", + af/ K)p(xi|¢r )0z,
k=1

n® . . # of data points assigned to component k, except i

o Sample each ¢k from the NIW posterior based on (7 p)




Detalls

# For ¢, the conditional doesn’t change.
& For Z, we have

p(0.2.0) = [ plr.6.2.0) = p(@) [[pxlz0) | o) [[ptaim

[ [T R
B [ [Ieteim «[IrGE +m

||» (6,2zi = k,Z_;,D) Hp f—l—n i+ 1) F(%—l—nj_z)

7k

O
= p(¢)p(xilzi, ¢ —+ - HF (=2 +n’) | [ p(x5]25, ¢)
J7e

p(Qb,ZZ — ka Z—iap) X p(xi|zi7 )(? + n—i)




Summary: parametric Bayesian clustering

# First specify the likelihood - application specific.
# Next specify a prior on all parameters.

# Exact posterior inference is intractable. Can use a Gibbs

Sampler for approximate inference.




How to Choose K?

# Generic model selection: cross-validation, AIC, BIC, MDL,

ctc.
# Can place of parametric prior on K.

# What it we just let K — oo in our parametric model?




Outline

# A parametric Bayesian approach to clustering
a Defining the model
a Markov Chain Monte Carlo (MCMC) inference
# A nonparametric approach to clustering
0 Defining the model - The Dirichlet Process!
o MCMC inference

# Extensions




\
A Nonparametric Bayesian Approach to

Clustering

# We must again specity two things:
a The likelihood function (how data is attected by the parameters):

p(D|0)

Identical to the parametric case.

a The prior (the prior distribution on the parameters):

7
The Dirichlet Process! p( )

4 Exact posterior inference is still intractable. But we have can
derive the Gibbs update equations!




What is Dirichlet Process?

g G

Hmmm...
-..Maybe....
Spoiled Rice

[http://www.nature.com/nsmb/journal/v7/n6/fig_tab/nsb0600_443_F1 .htmy




What is Dirichlet Process?

(G(A1), ..., G(Am))

[http://www.nature.com/nsmb/journal/v7/n6/fig_tab/nsb0600_443_F1 .htmy




Dirichlet Process

# A flexible, nonparametric prior over an infinite number of
clusters/classes as well as the parameters for those classes.

# The Dirichlet Process (DP) is a distribution over
distributions. We write

G ~ DP(O(, GO)
to indicate G is a random distribution drawn from the DP

# Parameters:
o0 @ - the concentration parameter

a Gy - the base distribution. A prior for the cluster-specific
parameters




Dirichlet Process

# Definition: Let G be a probability measure on the measurable

space (2, B) and a € R .

# The Dirichlet Process DP(«a, Gq) is the distribution on

probability measure G such that for any finite partition
(Ala"'aAm) Of ()
(G(Al), cee, G(Am>) ~ DiI‘iCh]Gt(OzGo(Al), cee OéG(Am>)

~

~
/ -~
{ -
( - !4.
I
P
- -, =
!.—2 /4\ -~ e 3
< - -
- .
- -
-~ -,
P ~—

[Ferguson, Annals of Stats., 1973y




Mathematical Property of DP

# Suppose we sample

G ~ DP(O{,G())
0~ G

# What is the posterior distribution of G given 0,7

Q 1
el NDP( 1, G 5)
01 et oot oo

# More generally

G|Oy,...,0, NDP(oz—I—n,
o

259)

[Ferguson, Annals of Stats., 1973y




Mathematical Property of DP

# With probability 1, a sample G ~ DP(«, Go) is of the form
G — Z 7Tk5¢k
k=1

# This is why DP can used for clustering!

Gy SN

[Sethuraman, Statistica Sinica, 1994y




The Stick-Breaking Process

# Detine an infinite sequence of Beta random variables:

Bk ~ Beta(l,a), k=1,2,...
# And then define an infinite sequence of mixing proportions

as: ™ =B
ﬂk—ﬁkH k=23,.

# This can be viewed as breakmg off portions of a stick:

m3

B1 (1—/51)
_
B, (1-B)
_
T2 By |(1 — f33)




The Stick-Breaking Process

# We now have an explicit form of =

T = 01
k—1

Tk :Bk H(1—51)7 k:2737
1=1

# We can also easily see that Z 7. = 1 with probability 1

k=1
o How to prove?

o

# So, G = E Tk04, 1s a random measure
k=1




The Stick-Breaking Process

# Equivalent representation of DP mixtures

“o /\
|
!
|/(f)k\|
\/x
B Wl
o (o) | |

()

® =

Z




The Chinese Restaurant Process (CRP)

# A random process in which n customers sit down in a

Chinese restaurant with an infinite number of tables
o first customer sits at the first table

o the nth customer chooses a table with probability

ng .
=k) = 1 - d table k
p(z ) —1+ta or a pre-occupied table
o
= k) = . £ ty table k
p(z ) T g loran empty table

o where 7k is the number of people sitting at table k.




The CRP and Clustering

4 Data points are customers; tables are clusters
o CRP defines a prior distribution on the partitioning of the data and
on the number of tables
# This prior can be completed with:

a a likelihood — e.g., associate a parameterized probability distribution
with each table

0 a prior for the parameters — a customer to sit at table k chooses the
parameter vector for that table from the prior

# So we now have a distribution for any quantity that we might care
about in the clustering setting




Relation between CRP and DP

# Important fact:
o The CRP is exchangeable.

# Infinite Exchangeability:

Vn, Vo, p(z1,...,2n) = p(Ts(1)s -+ To(n))

# De Finetti’s Theorem (1955): it (z1,22,...) are infinitely
exchangeable, then Vn

n

par.z) = [ ([[pt@lo)dre

1=1

for some random variable 4




Relation between CRP and DP

# The Dirichlet Process is the De Finetti mixing distribution for
the CRP.

# That means, when we integrate out G, we get the CRP

oA

p(91,---79n):/ﬁp(eﬂG)dP(G) “ @ | 0
) (8

N N




The DP, CRP and Stick-Breaking Process

# Three birds on the same stone

G ~ DP(OA, GO)

/\ Stick—breaking Process

(just the weights)

partition of § when

G is marginalized out

The CRP describes a @




Inference for DP Mixtures — Gibbs sampler

# We introduce the indicators z; and use the CRP
representation.

# Randomly initialize Z, 6 . Repeat:
o sample each z; from

K
224,06, X o< 3 nF p(xil0k)0z, k + af (xiGo)z, k11
k=1

a Sample each 6y based on Z and X only for occupied clusters

# This is the sampler we saw earlier, but now with some

theoretical basis.




Inference for DP Mixtures — Gibbs sampler
# More Details

o For the component j with n—; j > 0

p(zi = j3|2-,0,X) < p(z; = J|Z_;, a)p(x;]6,)
J

n_;
N1+ a?xil%)

o For a new component

Let A ={z; # 2y for all i #14'}

Pp(AZ_s, X) = / p(A,01Z_1, X)d0 o p(A|Z_,) f po(8)p(xi|0)do

«

x [ pxlOm(©)ds

K
W) = 1Z00.X 030k palf)d, i+ 0 (lGo)b ko
k=1




MCMC in Action for DP
# Matlab demo:

-4
8 ] -4

[Figure credit: Miller, 201(y




Improvements to the MCMC Algorithm

# Collapsed Gibbs sampler — collapse out the 6, it conjugate

model

@ Split—merge algorithms




Summary: Nonparametric Bayesian
Clustering

# First specify the likelihood - application specific.
# Next specify a prior on all parameters - the Dirichlet Process!

# Exact posterior inference is intractable.

o Can use a Gibbs sampler for approximate inference. This is
based on the CRP representation.
o Can use variational methods for approximate inference. This is

based on the Stick—Breaking representation




Outline

@ A parametric Bayesian approach to clustering
a Defining the model
a Markov Chain Monte Carlo (MCMC) inference
# A nonparametric approach to clustering
a Defining the model - The Dirichlet Process!
o MCMC inference

# Extensions




Hierarchical Bayesian Models

@ Original Bayesian idea

o View parameters as random variables - place a prior on them.

# Problem?

o Often the priors themselves need parameters.

# Solution

o Place a prior on these parameters!




Multiple Learning Problems

# Example: x; ~ N (6, o?) in m different groups

ol |le| |

Ny Ny Ny,

# How to estimate 6; for each group?




Multiple Learning Problems

# Example: x; ~ N (6, o?) in m different groups

# Treat 0; as random variables sampled from a common prior
(97; ~ N(eo, 0'(2))

&




Multiple Learning Problems

# Example: x; ~ N (6, o?) in m different groups

# Treat 0; as random variables sampled from a common prior
(97; ~ N(eo, 0'(2))

¢

OBENC RPN

o) o] |e

)
m




Multiple Learning Problems

& Independent estimation =@ Hierarchical Bayesian

© | ®

Ny No

O

# What do we do if we have DPs for multiple relate

=

OO

N;

m

d datasets?




Hierarchical Dirichlet Process

# What kind of distribution do we use for Gg ?

& Attempt 1:

o Suppose 0;; are mean parameters for a Gaussian

where
Gz‘ ~ DP(O(, Go)

and Gy is a Gaussian with unknown mean?

Go = N(:u(]v 0(2))

How about this one?




Hierarchical Dirichlet Process

# What kind of distribution do we use for Gg ?

& Attempt 1:

a Problem: if Go is continuous, then with

probability ZERO, G; and G; share atoms
- /___\H___ G .

ol e

N

a There is NO clustering between groups!




Hierarchical Dirichlet Process

# What kind of distribution do we use for Gg ?
# So, Gy must be discrete!
# Solution — the Hierarchical Dirichlet Process:

VANE

H
,+ | ‘I |M|‘ |

Go ~ DP(v, H)
G; ~ DP(a,Gy)
N; 0.; ~ G,

xij|0i; ~ p(xij]0:;)

a———»@ a0 e Lt
@
&




Example 1: HDP topic model

# H — a measure on multinomial probability
vectors, e.g., V-dimensional Dirichlet

distribution

# G, provides a countably infinite collection
of multinomial probability vectors (i.e.,
topics)

# G selects a document-specific subset of
topics

# 0;; is a particular topic




Example 1: HDP topic model
# Results on 5838 biology abstracts

Perplexity on test abstacts of LDA and HDP mixture

105[] T T T T T T T T
uuuuu IDA

— HDP Mixture

|

1000r

\
3
}

9501

9001

Perplexity

850

8001

?SD 1 1 1 | 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100 110 120
Number of LDA topics

[Teh, Jordan, Beal, & Blei, JASA, 2006y




Example 1: HDP topic model
# Results on 5838 biology abstracts

Posterior over number of topics in HDP mixture

[a—
=
T

Number of samples
LA

61 62 63 64 65 66 67 68 69 70 71 72 73
Number of topics

[Teh, Jordan, Beal, & Blei, JASA, 2006y




Example 2: HDP topic model for multi-
corpora

# H — a measure on multinomial probability
vectors, e.g., V-dimensional Dirichlet

distribution

# G, provides a countably infinite collection

H
: : e : 7
of multinomial probability vectors (i.e.,

topics) a

# G, selects a corpus-specific subset of topics

# G}" selects a document-specific subset of

topics

® 0]} isa particular topic Y




Example 2: HDP topic model for multi-
corpora

# Results on NIPS conference proceedings (1988-1999)

Average perplexity over NIPS sections of 3 models

6000
U B M1: additional sction ignored
5500, = == M2: flat, additional section
% == N[3: hierarchical. additional section
5000F
z \
= 4500F 0y
2 '\
o
)
[=H
2500

0 10 20 30 40 50 60 70 80
Number of VS training documents

[Teh et al., 2006]




Questions about HDP?

@ Sampling algorithms?
# Variational inference algorithms?

& Stick—breaking construction representation?
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